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Coxeter Decompositions of Hyperbolic Polygons
A. A. FELIKSON
Let P be a polygon on hyperbolic plane H 2. A Coxeter decomposition of a polygon P is a non-
trivial decomposition of P into finitely many Coxeter polygons Fi , such that any two polygons F1 and
F2 having a common side are symmetric with respect to this common side. In this paper we classify
the Coxeter decompositions of triangles, quadrilaterals and ideal polygons.
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1. INTRODUCTION
Let P be a hyperbolic polygon (P 2 H2) and G be a group generated by reflections in the
sides of P . If all angles i of P are ki for integral ki , then G is discrete and P is a fundamental
domain of G. If some of the ki are irrational, then G is not discrete. If i 2 Q for all i ,
but there is a j such that  j 6D k , k 2 Z, then P is not a fundamental domain, but G may be
discrete. In the last case the polygon P can be decomposed into finitely many fundamental
Coxeter polygons Fi such that if two polygons F1 and F2 have a common side, then F1 can
be obtained from F2 by reflection in the common side.
DEFINITION 1. A Coxeter decomposition of a polygon P is a non-trivial decomposition
of P into finitely many Coxeter polygons Fi , such that any two polygons F1 and F2 having a
common side are symmetric with respect to this common side.
We call Fi fundamental polygons for this decomposition of P . We call lines containing
the sides of the fundamental polygons mirrors. We say that a mirror l cuts the polygon P ,
if l intersects the inner part of P . We say that an angle is fundamental, if there is no mirror
containing its vertex and intersecting the inner part of the angle.
In this paper we classify the Coxeter decompositions of triangles, quadrilaterals and ideal
polygons. For groups G generated by reflections in the sides of triangles and quadrilaterals
we find all Coxeter groups0 , such that G is a subgroup of0; the indices of these subgroups
can be easily obtained from the figures of Section 5.
Decompositions of triangles obtained by reflections of Coxeter triangles were already stud-
ied. The spherical case is analysed in [1], the hyperbolic case is analysed for special types
of triangles in [2], [3] and [4]. The paper [5] contains the solution for hyperbolic triangles
having a non-fundamental angle and the complete list of Coxeter decompositions of hyperbolic
triangles; a list of decompositions of the hyperbolic quadrilaterals of some special type is also
obtained there.
Notation.
P is a polygon admitting the Coxeter decomposition,
F is a fundamental polygon of this decomposition,
N is the number of fundamental polygons in the decomposition,
k-vertex is a vertex of the fundamental polygon with angle k .
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2. TRIANGLES
Let P be a triangle ABC admitting a Coxeter decomposition.
Let the angles of 4ABC be k1 q1 , k2 q2 , k3 q3 , where ki is a number of parts into which the
i th angle is decomposed and qi is a size of each part. Then we denote 4ABC by ( k1q1 , k2q2 , k3q3 )(unordered triple) or sometimes by (q1,q2,q3) in the case 1 D k1 D k2 D k3.
2.1. Some properties of triangles admitting a Coxeter decomposition.
LEMMA 1. The fundamental polygon is a Coxeter triangle.
PROOF. Let P D 4ABC admit the Coxeter decomposition. Then P is cut by a finite
number of lines. We will prove by induction on the number k of these lines that a triangular
part exists (this is sufficient for the proof of the lemma). The base (k D 0) is evident.
Step. Suppose that P is cut by k lines and there is a triangular part P1. Consider the (kC1)st
line l. If l does not intersect P1, then P1 is a triangular part in the new decomposition. If l
intersects P1, then at least one of the parts into which P1 is divided by l is a triangle. 2
LEMMA 2. The fundamental triangle has a right angle.
PROOF. We consider two cases.
(1) Suppose first that there is a mirror C D which cuts the angle C . Suppose C D is not
orthogonal to AB. Then one of \C D A and \C DB (say \C DB) will be cut again by
a mirror DE (see Figure 1(a)). Suppose DE is not orthogonal to C B. Then there is a
mirror E F , and so on. Because the process is finite, the last mirror cuts out a triangle
having a right angle.
(2) Suppose instead that no angle of 4ABC is cut, and that the fundamental triangle has
no right angle (and 4ABC 6D F). Take a mirror DE such that 4ADE is fundamental.
Suppose that \ADE < 3 ; then there exist at least two mirrors DE1 and DE2, such
that E1, E2 2 AC S BC . Then we have a triangle 4ADE1 or 4B DE1, such that \D
is not fundamental (see Figure 1(b)). By case 1) of this Lemma the fundamental triangle
has a right angle. Contradiction. Therefore, \AE D D 3 .
For the same reason, \ADE D 3 . Therefore the fundamental triangle F has angles
. 13 ;
1
3 ;
1
k /, where k > 3, because F is a hyperbolic triangle. Then \A D \B D \C D

k . Computing the area of 4ABC and the area of a fundamental triangle we obtain
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N .1 − 1k − 13 − 13 / D 1 − 3k , where N is the number of fundamental triangles inside4ABC . Therefore we have N k−33k D k−3k , that is N D 3. As \AE D D 3 , this is not
possible. 2
NOTE 1. Every fundamental triangle can tesselate only finitely many triangles (as it can
tesselate only a finite number of angles and hyperbolic triangle is defined by its angles).
Therefore all triangles admitting a Coxeter decomposition with a fixed fundamental triangle
can be enumerated by a finite algorithm. But there are infinitely many hyperbolic triangles
having the right angle.
LEMMA 3. Let P be a triangle . k1q1 ;
k2
q2 ;
k3
q3 / admitting a Coxeter decomposition in which
the i th angle splits into ki parts of size qi . Then at least two of the numbers qi , i D 1; 2; 3 are
equal.
PROOF. Suppose that q1 < q2 < q3. Then the fundamental triangle has angles q1 ,

q2 ,

q3 . Comparing the area of the triangle P with the area of the fundamental triangle we obtain
.1− k1q1 − k2q2 − k3q3 / D N .1− 1q1 − 1q2 − 1q3 /. But the right-hand side of this equality is greater
than the left-hand side for every N > 1. Contradiction. 2
LEMMA 4. Let \A D \B in 4ABC. Let C H be perpendicular to AB. If 4ABC admits
a Coxeter decomposition which is symmetric with respect to C H, then C H is a mirror of this
decomposition.
PROOF. Suppose C H is not a mirror. Consider the mirrors C H1 and C H2 closest to the
line C H (see Figure 2). Let 4C M1 M2 be a fundamental triangle such that M1 2 C H1,
M2 2 C H2. By Lemma 2 one of the angles of4M1C M2 is right. Because the decomposition
is symmetric with respect to C H it can be only \M1C M2; let \C M1 M2 D \C M2 M1 D k .
This implies A D H1, B D H2 (as \AC B <  ). Then the area of the fundamental triangle
equals S f D .1− 12 − 2 1k / and the area of 4ABC equals SABC D .1− 12 − 2 lk / for some
integer l. This contradicts the condition SABC D N S f , for any N > 1. 2
LEMMA 5. Let4ABC be a triangle admitting a Coxeter decomposition such that all angles
of 4ABC are fundamental. Then the decomposition is the one represented by Figure 8.9.
PROOF. It follows from Lemma 3 that the angles of such a triangle are either .2; k; k/, or
.l; k; k/, where l 6D 2, l 6D k, or .k; k; k/. Consider these cases. Let \A D \B D k .
(1) .2; k; k/.
The fundamental triangle is .2; k; l/, where k 6D l (if k D l, then 4ABC has the same
angles as the fundamental triangle and F D 4ABC).
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Consider the fundamental triangles FA and FB containing the points A and B respec-
tively. Because the angles of4ABC are fundamental, it follows from Lemma 4 that the
decomposition is not symmetric with respect to the line C H . Therefore the 2-vertices
of the fundamental triangles FA and FB do not lie on the side AB simultaneously.
Reflect the triangles FA and FB as shown in Figure 3(a). Then find two different k-
vertices on the sides of4ABC . So, we have at least 2kC2 fundamental triangles inside
4ABC . Therefore N  2C 2k.
Analogously, it is clear from the type of the decomposition (see Figure 3(a)) that N  2l.
Computing the area of the fundamental triangle and the triangle ABC we obtain N .1−
1
2 − 1k − 1l / D 1− 12 − 1k − 1k ) N D l k−4kl−2k−2l D 1C 2k−2lkl−2k−2l .
If k  l then N < 1C 2k (but we have proved that N  2C 2k).
If k < l then N < 1 C 2l2l−k.l−2/ . This is possible only if 2l − k.l − 2/ D 1. Thus
k D 2l−1l−2 D 2C 3l−2 , so l D 3, k D 5 or l D 5, k D 3. As k < l, we have l D 5, k D 3,
N D 5. This contradicts N  2l.
(2) .l; k; k/.
The fundamental triangle has angles .2; k; k/.
Computing the areas of F and4ABC we obtain N .1− 12 − 1k − 1l / D 1− 1k − 1k − 1l )
N D 2 kl−2l−kkl−2k−2l D 2C 2kkl−2k−2l  2C 2k.
On the other hand, analogously to case (1), we have N  2kC2 (see Figure 3(a) again).
Therefore, N D 2C 2k ) kl − 2k − 2l D 1) k D 1C2ll−2 D 2C 5l−2 and either l D 7,
k D 3, N D 8 or l D 3, k D 7, N D 16.
Using the figure for the triangle group .2; 3; 7/ it is easy to see that there is no such
decomposition.
(3) .k; k; k/.
The fundamental triangle has angles .2; k; l/, (possibly with k D l).
The fundamental triangles containing the points A, B, C are situated as shown in Fig-
ure 3(b). Otherwise, the decomposition of the triangle ABC is symmetric with respect
to one of the perpendiculars and by Lemma 4 we obtain a non-fundamental angle of
4ABC . This position of the triangles implies that the decomposition is invariant under
rotation by 23 . The center O of the triangle ABC is a vertex of a fundamental triangle(because the rotation fixes O and the fundamental triangle has no rotational symmetry).
Therefore 3 is a divisor of N .
Suppose k D l, then computing the areas we obtain N .1 − 12 − 2k / D 1 − 3k ) N D
2k k−3k2−4k D 2C 2kk2−4k D 2C 2k−4  4) N D 3. It is easy to see that this is impossible.
Therefore k 6D l.
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Reflecting the fundamental triangles containing the vertices A, B, C , we obtain three
different k-vertices (see Figure 3(b)). Therefore we have N  3kC3 (as the fundamental
triangle has a unique k-vertex). But N .1− 12 − 1k − 1l / D 1− 3k ) N D 2l k−3kl−2k−2l D
2C 4k−2lkl−2k−2l D 2C 4k−2lk.l−2/−2l .
(a) Suppose that 4k − 2l < 0. Then N  2C 2l−4k2l−.l−2/k  2C 2l. On the other hand
it is clear that N  3l (see Figure 3(b)). Therefore, 3l  2C 2l ) l  2, but this
is not possible.
(b) Suppose that 4k − 2l > 0. Then l − 2 < 4, as N > 3.
If l D 5, then N D 2C 4k−103k−10 D 2C 43 C 103.3k−10/  3C 113 < 7 < 3kC 3 8k  3.
If l D 4, then N D 2C 4k−82k−8 D 4C 4k−4  8 < 3k C 3 8k  3.
If l D 3, then N D 2C 4k−6k−6 D 6C 18k−6 .
Because N and k are integers, the pair .N ; k/ is one of the following: .9; 12/,
.12; 9/, .15; 8/, .24; 7/. The condition N  3k C 3 is satisfied only by the last
pair with the decomposition shown in Figure 8.9. 2
LEMMA 6. The decomposition shown in Figure 8.9 cannot be part of the larger Coxeter
decomposition of a triangle.
PROOF. The triangle P having the decomposition shown in the Figure 8.9 has all angles
equal to 7 . Therefore the area of any other decomposed triangle with fundamental triangle
.2; 3; 7/ is less than the area of P . 2
2.2. Classification of the Coxeter decompositions of triangles. Let P be a triangle admitting
a Coxeter decomposition which is not the decomposition shown in Figure 8.9. Lemma 5 implies
that P has a non-fundamental angle, that is triangle P consists of two smaller triangles. By
Lemma 6 the decompositions of these smaller triangles are not the decomposition shown in
Figure 8.9. Therefore, if any of these smaller triangles is not fundamental, it has a non-
fundamental angle. We obtain the process of dividing of the triangle into smaller and smaller
parts. In the last step all the parts are fundamental and we know the decomposition.
Invert this process. Then we obtain the following inductive procedure for classifying the
Coxeter decompositions of triangles.
2.2.1. Inductive procedure.
Step 0. Take a fundamental triangle F , let P0 D F .
Step 1. Construct from two copies of P0 all possible triangles P1; : : : ; Pl admiting a Coxeter
decomposition with N D 2.
Step 2. Construct all the decomposed triangles formed by glueing together P1 and P0 or
two copies of P1.
Step m. Suppose that after m − 1 steps we obtain a sequence of triangles F D P0; P1; : : : ;
Pm; : : : ; Pn such that for every pair of triangles Pi and Pj , i; j  m − 1 all the possible
decomposed triangles which we can obtain by glueing Pi and Pj together are contained in the
list P0; : : : ; Pn . Note that after Steps 0, 1 and 2 this condition is satisfied. Then at Step m we
add all possible decomposed triangles formed of glueing together Pm and Pi , i  m.
The procedure is finite (that is after finitely many steps we obtain m D n), as the fixed
fundamental triangle can tessellate only finitely many triangles (the angles of these triangles
are multiples of the angles of the fundamental triangle). In view of Lemma 5 and Lemma 6
we obtain all decomposed triangles with fundamental triangle F .
NOTE 2. It is shown in the next subsection that this procedure can be done for all funda-
mental triangles simultaneously and that it stops after finitely many steps.
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2.2.2. Realization of the inductive procedure.
Step 0. By Lemma 2 any fundamental triangle has angles .2; k; l/. Therefore P0 D .2; k; l/.
Step 1. Glueing together two copies of P0 we can obtain only the decomposition shown in
Figure 8.1 (we can also change the places of the numbers k and l, but this does not give a new
decomposition).
We obtain a decomposition P1 D Figure 8.1, F D .2; k; l/, 1k C 1l < 12 .
Step 2. The triangle P1 can be glued to the triangle P0 in a unique way up to symmetry;
this can be done only if l D 3. We obtain the decomposition P2 D Figure 8.2, F D .2; 3; k/,
k  7.
The triangle P1 can be glued to P1 (in a unique way) only if l D 4. We obtain the decom-
position P3 D Figure 8.3.
Step 3. The triangle P2 can be glued to P0 (in a unique way) if l D 3. We obtain the
decomposition P4 D Figure 8.4, F D .2; 3; k/, k  7.
To glue together triangles P2 and P1 is not possible (all the angles adjacent to the identical
sides of these triangles are acute).
NOTE 3. In the spherical case there is such a decomposition with fundamental triangle
.2; 3; 3/.
The triangle P2 can be glued to P2 in two ways: in the first way we obtain the decomposition
P5 D Figure 8.5, F D .2; 3; k/, k  7, in the second one we obtain P6 D Figure 8.6,
F D .2; 3; k/, k  7.
Step 4. To glue the triangle P3 to any of P0, P1, P2 and P3 is not possible (again it is possible
in the spherical and Euclidean cases).
Step 5. The triangle P4 can be glued to P1 (we glue P1 to the side of P4 opposite to the
angle 17 ). We obtain again the decomposition P5.
To glue P4 to the other triangles is impossible (again the angles adjacent to identical sides
are acute).
Step 6. It is not possible to glue P5 to P0; : : : ; P3.
The triangle P5 can be glued to P4 if l D 7, we obtain P7 D Figure 8.7, F D .2; 3; 7/.
The triangle P5 can be glued to P5 if l D 8. We obtain P8 D Figure 8.8, F D .2; 3; 8/.
Steps 7; 8; 9. The continuation of the procedure for P6, P7 and P8 does not give new
decompositions.
Thus, all the Coxeter decompositions of triangles are represented in Figure 8.
3. QUADRILATERALS
Let P be a quadrilateral admitting a Coxeter decomposition.
3.1. Some properties of quadrilaterals admitting a Coxeter decomposition.
LEMMA 7. Let P be non-convex quadrilateral admitting the Coxeter decomposition.
Then the decomposition is one of two types shown in Figure 9(b).
PROOF. The continuation of the edge containing the largest angle cuts the quadrilateral
into two triangles. One of these triangles has a right or obtuse angle. This triangle can be
decomposed in two ways only.
Hereafter we always suppose that P is a convex quadrilateral.
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FIGURE 4.
LEMMA 8. If the fundamental polygon is not a triangle, then the decomposition is one of
the two shown in Figure 9(a).
PROOF. Suppose P has a non-fundamental angle. Then any mirror dividing this angle
cuts off a triangle inside P . This triangle cannot be fundamental and does not admit a
Coxeter decomposition, as the fundamental polygon for P is not a triangle. Therefore all
angles are fundamental. Similarly, there is no mirror intersecting two adjacent edges of the
quadrilateral and there are no pairs of mirrors intersecting each other at a point on an edge
(otherwise these mirrors cut off a triangle inside P). Therefore every mirror is a common
perpendicular to a pair of opposite sides of P . Because a fixed pair of the opposite sides has
only one common perpendicular, the decomposition is one of the decompositions represented
by Figure 9(a). 2
LEMMA 9. If all angles of P are fundamental, then there exists a mirror connecting a pair
of opposite edges.
PROOF. Suppose there is no such mirror. Then every mirror intersects exactly one
diagonal of the quadrilateral. For each diagonal consider two broken lines consisting of the
segments of the mirrors closest to diagonal (this means that every mirror intersecting the space
bounded by these broken lines also intersects the diagonal—see Figure 4). Then the polygon
bounded by these four broken lines cannot be cut. But it is not a triangle. This contradicts
Lemma 8. 2
It follows from Lemma 9 that any Coxeter decomposition of a quadrilateral can be constructed
either from two triangles (fundamental or decomposed), or from a smaller quadrilateral and a
triangle, or from two smaller quadrilaterals. Therefore, we can classify the Coxeter decom-
positions of quadrilaterals using an inductive procedure analogous to the procedure used for
triangles.
3.2. Inductive procedure.
Step 0. Let P0 be a fundamental triangle, P1; P2; : : : ; P9 be the triangles shown in Fig-
ures 8.1–8.9. Let m D 0, n D 9.
Step m. Suppose after m − 1 steps we obtain the sequence of triangles and quadrilaterals
F D P0; P1; : : : ; P9; : : : ; Pm; : : : ; Pn such that Pi is a quadrilateral if and only if i > 9 and
for every pair of polygons Pi and Pj , i; j  m − 1 all possible decomposed quadrilaterals
which we can obtain by glueing Pi and Pj together are contained in the list P0; : : : ; Pn . This
condition is satisfied after step 0. Then at step m we add to the list all the possible decomposed
quadrilaterals obtained by glueing together Pm and Pi , i  m.
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FIGURE 5. The procedure for blowing up the decomposition.
NOTE 4. As in the case of triangle we carry out this procedure for all the fundamental
triangles simultaneously. This procedure terminates after finitely many steps. The number of
steps is not very high, so it is possible to do this procedure by hand. But we do not write the
realization of the procedure here, as it would take too many pages. In view of Lemma 9 we
obtain all the decomposed quadrilaterals.
The classification of the Coxeter decompositions for quadrilaterals is shown in Figures 9–18.
4. IDEAL POLYGONS
Let P be an ideal polygon (that is, all vertices of P lie on the absolute) admitting the Coxeter
decomposition, F be its fundamental polygon. Clearly F has an ideal vertex.
Fix a Coxeter decomposition of an ideal polygon P . By the procedure of blowing up this
decomposition we mean the following procedure. Fix an ideal vertex A of the fundamental
polygon F . Insert an additional edge in the place of this vertex (keeping the other angles
of F unchanged). Do the same for all the images of the vertex A. Then we obtain a Coxeter
decomposition of an ideal polygon with more edges than P . This decomposition is similar to
the original decomposition of P (see examples in Figure 5).
By the procedure of glueing we mean the glueing together of two Coxeter decompositions
of ideal polygons to obtain a Coxeter decomposition of a larger ideal polygon.
Consider the procedures of dividing and retracting inverse to the procedures of glueing
and blowing respectively. The procedure of dividing is dividing the polygon into two parts
along a diagonal which is a mirror of the decomposition. Obviously, we can divide the
polygon along any diagonal which is a mirror. In order to make the procedure inverse to
blowing with the fundamental polygon F , we choose (if possible) an edge of F having
two ideal vertices. Then we retract this edge to a single vertex. To retract the decom-
position of the polygon P by this edge we must retract simultaneously all images of the
edge.
LEMMA 10. Suppose F has an edge with two ideal vertices. Then it is possible to retract the
decomposition by this edge if and only if F is neither a quadrilateral having two neighboring
right angles nor a triangle.
PROOF. Obviously, a quadrilateral having two right angles and a triangle cannot be re-
tracted (in the first case we obtain a triangle with two right angles). We can retract the
decomposition (by the fixed edge) if and only if we can retract the fundamental .mC1/-gon F
(by this edge), i.e., there is an m-gon F 0 having the same angles as F less one zero angle.
The m-gon F 0 with fixed angles exists if and only if the sum of these angles is less than
.m − 2/ .
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Let F be the Coxeter quadrilateral whose two neighboring angles are zero and two other
angles are not right simultaneously. Then the sum of the angles is less then  and we can
retract F .
Let F be a Coxeter k-gon, k > 4. As F has no obtuse angles and has at least 2 zero angles,
the sum of angles of F is less than .k − 2/2 < .k − 3/ . Therefore we can retract F in this
case too. 2
DEFINITION 2. A Coxeter decomposition of an ideal polygon P is minimal if the following
two conditions are met:
(1) no diagonal of P is a mirror of the decomposition,
(2) either the fundamental polygon is a triangle or the decomposition is one shown in
Figure 19(a), or the fundamental polygon F has no pair of neighboring ideal vertices.
NOTE 5. Any Coxeter decomposition of an ideal polygon P can be obtained from a minimal
decomposition by finitely many blowings and glueings. Therefore it is sufficient to classify
minimal decompositions.
4.1. Classification of minimal decompositions.
Notation.
P is an ideal polygon admitting the minimal decomposition with the fundamental polygon
F ,
n is the number of the sides of P ,
N is the number of the fundamental polygons in the decomposition.
k-vertex is the vertex of a fundamental polygon with the angle k .
LEMMA 11. Suppose the fundamental polygon F of the minimal decomposition is neither
a quadrilateral with two neighboring right angles nor a triangle. Then F has exactly one ideal
vertex.
PROOF. Suppose that F has two ideal vertices A and B. As these vertices are not neigh-
boring, there are non-ideal vertices between A and B in both half-planes with respect to the
line AB. Therefore there are fundamental polygons F 0 and F 00 inside P in both half-planes
(because all vertices of P lie on the absolute).
We obtain a chain of adjacent fundamental polygons (see Figure 6). The chain cannot form
cycle, because no image of the line AB intersects another image of AB. Therefore the chain
is infinite. This contradicts the finiteness of the decomposition. 2
LEMMA 12. The fundamental polygon of the minimal decomposition is either a triangle or
a quadrilateral.
PROOF. Suppose the fundamental polygon is neither a triangle nor a quadrilateral. Any of
the n vertices of the polygon P belong to at least one fundamental polygon situated inside P .
By Lemma 11 the fundamental polygon has exactly one ideal vertex. Therefore different
vertices of P belong to different fundamental polygons, so N  n.
Let F be an l-gon with angles 0; k1 ; : : : ;

kl−1 . Computing the area of P as an ideal l-gon and
as a sum of N areas of fundamental polygons we obtain n− 2 D N .l− 2− 1k1 −  − 1kl−1 / 
n.l − 2− 1k1 −    − 1kl−1 /  n.l − 2− 12 .l − 1// D n. l2 − 32 /) 3n − 4  n.l − 2/) 3n >
n.l − 2/) l < 5. 2
810 A. A. Felikson

B
A
FIGURE 6.
4.1.1. The case of a triangular fundamental domain. If F has three ideal vertices then
the decomposition is either trivial or non-minimal. Consider the cases when F has two or one
ideal vertex.
LEMMA 13. Let F be a triangle with angles 0; 0; k . Then there is only one minimal
decomposition with fundamental triangle F (Figure 19(b)).
PROOF. Let A be the unique non-ideal vertex of F . As A cannot be a vertex of P , there are at
least k fundamental triangles with the vertex A inside P . We obtain the minimal decomposition
shown in Figure 19(b). If we add something to this decomposition, the decomposition becomes
non-minimal. 2
LEMMA 14. Let the fundamental domain be a triangle F with exactly one ideal vertex.
Then F has a right angle and all minimal decompositions are of the types shown in Fig-
ures 19(c)–(e).
PROOF. First we prove that F has a right angle. Let angles of F be 0; k ;

l .
(1) Suppose k; l > 3. Any edge of the ideal polygon P contains a non-ideal vertex Ai ,
i D 1; : : : ; n, of a fundamental triangle (because F has the unique ideal vertex). In view
of the condition k; l > 3, the vertex Ai belongs to at least four fundamental triangles
situated inside P . Any fundamental triangle contains at most two vertices Ai . Therefore
N  2n. Computing the area of F in two ways, we obtain n − 2 D N .1 − 1k − 1l / 
2n.1− 1k − 1l /) 0 < 1n  1k C 1l − 12 .
This contradicts the condition k; l > 3.
(2) Suppose l D 3, k > 2. As 3 is an odd number, any edge of P containing a 3-vertex
contains a k-vertex too. Therefore N  kn2 , and we have n − 2 D N .1 − 13 − 1k / kn
2 .
2
3 − 1k /) 0 < 2n  12 − k3 ) k < 32 .
This contradicts the condition k > 2.
So, F has a right angle.
To classify the minimal decompositions of ideal polygons note that their sides can be of
three types:
(1) the side contains a unique 2-vertex,
(2) the side contains a unique k-vertex, where k is even,
(3) the side contains a unique 2-vertex and exactly two k-vertices, where k is odd.
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If there is an edge of either second or third type in the minimal decomposition of the polygon P ,
then the decomposition is of the type shown in Figure 19(c) or (d), respectively. Otherwise it
is the type shown in Figure 19(e). 2
4.1.2. The case of a quadrilateral fundamental domain. By Lemma 11 if the fundamental
polygon of the minimal decomposition has more than one ideal vertex, then the decomposition
is the one shown in Figure 19(a).
LEMMA 15. Let the fundamental polygon F of the minimal Coxeter decomposition of the
ideal polygon P be a quadrilateral ABC D having unique ideal vertex A. Then two opposite
angles of F are right and the decomposition is of the type shown in Figure 19( f ).
PROOF. Suppose F has angles 0; l ;

k ;

m
at the vertices A, B, C , D, respectively (see
Figure 7(a)).
(1) Suppose l;m > 2. Any edge of P contains either an l-vertex or an m-vertex.
Therefore N  32 n ) n − 2  32 n.2− 1l − 1k − 1m / and so 4C 4n < 3l C 3k C 3m . This
contradicts the assumption l;m > 2.
(2) Suppose l D 2, m > 2.
All the images of the points A, B, C , D with respect to the group generated by the
reflections in the edges of the quadrilateral ABC D we denote by the same letters A, B,
C , D.
We first prove that the edges of P do not contain the segment BC .
Suppose there is an edge s in P containing BC . Then this edge does not contain AB
(because \B D 2 ), that is it contains the edge AD. If \D D m , where m is even,
then s consists of two copies of the side AD and cannot contain BC . Therefore m is
odd. For the same reason \C D k , where k is odd. But then any edge of P containing
AD contains the vertex B. Therefore N  2n.
Then we have n − 2  2n.2− 12 − 1k − 1m /) 2n.1− 1k − 1m /  −2, a contradiction.
Join the fundamental quadrilaterals into pairs: glue together the quadrilaterals having
the common edge BC (see Figure 7(b) and (c)). We obtain a domain AA0D0C D. As the
boundary of P does not contain BC , we obtain a decomposition of the polygon P into
the polygons AA0D0C D such that any polygons having a common edge are symmetric
with respect to this edge (it is a Coxeter decomposition, if k is even).
Retract the pentagon AA0D0C D and the decomposition by the edge AA0 with two ideal
vertices. We obtain a decomposition with fundamental polygon AD0C D whose angles
are 0; 
m
; 2k ;

m
, where m > 2.
812 A. A. Felikson
(a) Suppose k D 2, then AD0C D is a triangle whose angles are 0; 
m
; 
m
, where m > 2.
Such a Coxeter decomposition is impossible by Lemma 14.
(b) Suppose k  2, k is even.
Then we obtain a Coxeter decomposition with fundamental quadrilateral AD0C D,
where A is an ideal vertex and\D and\D0 are not right angles. This is impossible
by case (1) of this Lemma.
(c) Suppose k  2, k is odd.
Draw the diagonal AC in the quadrilateral AD0C D. We obtain a Coxeter decom-
position with fundamental triangle AC D. This Coxeter triangle has a unique ideal
vertex but does not have a right angle. This is impossible by Lemma 14.
Thus m D l D 2. Then the minimal decomposition is of the type shown in Figure 19( f ). 2
5. RESULTS
We present here a list of all Coxeter decompositions of triangles, quadrilaterals and all
minimal Coxeter decompositions of ideal polygons. The parameters k; l;m 2 NS1 are
restricted only by the condition that the fundamental polygon lie on the hyperbolic plane. The
condition \C D k , where k D 1, means that C belongs to the absolute.
Notation. Let G be the group generated by the reflections in the sides of the polygon P , 0 be
group generated by the reflections in the sides of the fundamental polygon F . Suppose that
the decomposition of P has a number n in the figure where it is shown. Then we write this
number as
n/; if G D 0;
TnU; if G < 0 and P is not Coxeter;
.n/; if P is Coxeter.
If the decomposition has a parameter k, then we use the notation TnU and .n/ only in the case
when corresponding conditions are met for any k.
5.1. Triangles.
(2,3,8) (2,3,7)(2,3,7)
(2,3,k)(2,3,k)(2,3,k)(2,4,k)(2,3,k)(2,k,l)
(9)
6)
7) (8)
5)4)3)2)(1)
FIGURE 8. The decompositions of the triangles.
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5.2. Quadrilaterals. For the convenience we divide the list by the restrictions on the angles
of the fundamental domain. For example, to find all decompositions with fundamental triangles
.2; 3; 9/ and .2; 4; 5/ you need to consider Figures 14, 16 and Figures 11, 13, respectively.
(b) ( 12 ; 13 ; 1k ), k  7( 12 ; 13 ; 17 )(a)
FIGURE 9. The decompositions with non-triangular fundamental domain and the decompositions of
non-convex quadrilaterals
(3,3,5)(3,3,4) (3,3,4) (3,3,4) (3,3,4)
(3,4,4)(3,3,4)(3,3,k)(3,3,k)(3,k,l)(k,l,m)
(11)(10)(9)(8)7)
(6)5)4)3)2)1)
FIGURE 10. The decompositions whose fundamental triangle does not contain a right angle.
(2,k,l)
[9]
[8]
(2,5,k)(2,5,k) (2,6,k) (2,4,k)(2,4,k)(2,4,k)(2,4,k)
(2,4,k)(2,4,k)(2,4,k)(2,k,l)(2,k,l)(2,k,l)(2,k,l)
15)14)[13]11)10) 12)
[7][6]5)3) 4)2)1)
FIGURE 11. The decompositions whose fundamental triangle contains a right angle but does not contain
an angle 3 .
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(2,4,6)(2,4,6)(2,5,5)(2,5,5)
(4)[3](2)1)
FIGURE 12. The decompositions with fundamental triangle .2; 5; 5/ or .2; 4; 6/.
(20)(19)(18)(17)16)15)
14)(13)12)11)(10)(9)(8)
7)[6][5][4]3)2)1)
FIGURE 13. The decompositions with fundamental triangle .2; 4; 5/.
k  8 k  9 27)26)25)24)23)22)
16)
21)20)19)
18)17)15)14)13)12)11)
10)9)7) 8)6)5)4)3)2)1)
FIGURE 14. The decompositions with fundamental triangle .2; 3; k/, k  7.
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(2,3,12)(2,3,11)(2,3,10)(2,3,10)(2,3,10)
[7]6)[5]4)(3)
(2,3,10)
2)
(2,3,10)
(1)
FIGURE 15. The decompositions with fundamental triangles .2; 3; k/, 10  k  12.
10)9)(8)7)6)
5)[4]3)[2]1)
FIGURE 16. The decompositions with fundamental triangle .2; 3; 9/.
(18) 19)17)16)(15)
14)
13)12)11)(10)[9]8)
7)6)(5)(4)
(3)
(2)[1]
FIGURE 17. The decompositions with fundamental triangle .2; 3; 8/.
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58)57)
(56)
55)54)
53)52)51)50)
(49)
48)
47)46)45)44)
43)
42)
41)40)39)38)37)36)
35)34)33)32)31)30)
29)28)27)26)25)24)
23)22)21)20)19)17)
16) 18)
15)14)13)12)11)10)9)
8)
[7]6)5)4)3)
2)1)
FIGURE 18. The decompositions with fundamental triangle .2; 3; 7/.
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5.3. Minimal decompositions of ideal polygons.
(d) k is odd
k
(e) k is odd
kk
(b)
k
(c) k is even
k k
(f)(a)
FIGURE 19. The decompositions (b)–( f ) depend on the natural parameter k, the decomposition (a)
depends on the length of the bounded edge of the fundamental polygon.
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